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Molecular dynamics ensemble, equation of state, and ergodicity
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The
�

variant of the NVE
�

ensembleknown as the moleculardynamicsensemblewas recentlyredefinedby
Ray
�

andZhang � Phys.Rev.E 59
�

,� 4781 	 1999
�� to


includethespecificationof a time invariantG
���

a� functionof
phase� and,explicitly, the time� in addition to the total linear momentumM

�
.� We reformulatethis ensemble

slightly� asthe NVE
�

MR ensemble,� in which R/
�
N
�

is the center-of-massposition,andconsiderthe equationof
state� of the hard-spheresystemin this ensemblethroughboth the virial function andthe Boltzmannentropy.
We
�

test the quasiergodichypothesisby a comparisonof old moleculardynamicsandMonte Carlo resultsfor
the


compressibilityfactorof the12-particle,hard-disksystems.Thevirial approach,which hadpreviouslybeen
found to supportthe hypothesisin the NVE

�
M ensemble,� remainsunchangedin the NVE

�
MR ensemble.The

entropy� S approach� dependson whetherS
�

is
�

definedthroughthe phaseintegralover the energysphereor the
energy� shell, the parameter� being

�
0 or 1, respectively.The ergodichypothesisis found to be supportedfor� �

0
!

but not for " # 1.
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RayandZhang ) 1* havenotedthat in anequilibriummo-
lecular dynamics + MD , calculation- for a systemof N

.
par-/

ticles
0

in a volumeV with1 periodicboundaryconditionswith-
out2 external forces, not only are the Hamiltonian H(

3
x4 N
5

)
6

7 K(
3
p8 N
5

)
6:9

U(
3
rN
5

)
6

and the total linear momentum; i < 1
N
5

p8 i in-
variant= undertheevolutionin thetime t> of2 thesystem,but so
also? is the function

G
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x4 N
5BA

t>DC ;t> E t>GF
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N
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p8 i I t>DJ:K mLNM
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They thereforecontendthat the term ‘‘molecular dynamics
ensemble’’U shouldrefer to an NVEMG

V ensembleU W i.e.,
X

an en-
sembleY in which N

.
,Z V,Z the energyE,Z the linear momentum

M
[

,Z andG
@

are? specified\ ,Z ratherthanto the NVEM
V ensemble.U]

We
�

considerhereonly a one-componentclassicalsystemof
N
.

particles,/ eachhavingmassmL ; ri and? p8 i denote
^

theposition
and? the momentum, respectively, of particle i

_
. K(

3
p8 N
5

)
6

`ba pc i
2/2
d

mL denotes
^

the kinetic energyand U(
3
rN
5

)
6

the poten-
tial
0

energy;x4 N
5fe

(
3
rN
5

,Z p8 N
5

)
6

denotesthe phase.g
Our
h

purposehereis, first, to stateour agreementwith their
contention,- providedthat the rP i of2 Eq. i 1j are? definedasthe
‘‘infinite checkerboard’’k 2,3l positions./ m Otherwise,

h
if ri(

3
t> )6

were1 understoodto be the positionof particle i
_

in
X

the simu-
lation
n

cell, then it is stepwisediscontinuousat the times at
which1 theparticleleavesthesimulationcell throughoneface
and? reentersthroughthe oppositeface,so that G

o
is not con-

stant.Y p Furthermore,
q

we chooseto formulate the molecular
dynamics
^

ensemblesomewhatdifferently so as to avoid the
appearance? of the time in the partition function.

If
r

we are to speakof the moleculardynamicsensemble
for
s

small finite systems,we implicitly conjecturethe exis-
tence
0

of a quasiergodictheoremstatingthat the phase-space
trajectory
0

over a sufficiently long period of time spends
equalU incrementsof time in almostall equalelementsof the
phase/ spaceof the ensemble,so that the dynamical time
average? of any phasefunction shouldequalthe correspond-
ing ensembleaverage.Thustheensemblephasespaceshould
reflectt theconstancyof all thetime invariantsof thedynami-

cal- system:theHamiltonianthroughtheenergyparameterE,Z
the
0

total linear momentumu i p8 i through
0

the momentumpa-
rameterM

[
,Z and the Ray-ZhangG

@
through
0

its initial or en-
sembleY value v divided

^
by w mL )

6
, namelythe center-of-mass

parameter/ R. We write, therefore,the partition function,

Z
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5
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5

d
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p8 N
5

,Z � 3���

for E positive,/ M 2
� �

2E/
d
mL ,Z andR/

d
N
.

lying within thesystem
volume.= This contrastswith the Ray-Zhangpartition func-
tion,
0 �

(
3
E,Z V,Z N. ,Z M[ ,Z G@ )

6
, which in our notation becomesthe

similarY

Z
x

NVE
5
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� � 1

CN
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t>¯® p8 i ° mL²± ri . ³ 4́
µ�¶

(
3
x· )
6

is theDirac ¸ function;if x· is a vector,it is theproduct
of2 the ¹ functions

s
of its components.A

{
(
3
x· )
6

is the unit step
function
s

definedin Eq. º 28
»§¼

below.
½

CN
5 and? CN

5 ¾ are? dimen-
sionalY constantsthat we omit in the following discussion.
The
¿

appearanceof the step function correspondsto our ÀÁ 0
Â

in Eq. Ã 24
»�Ä

below.
½ Å

But
Æ

the two expressionsarereadily
seenY to beequivalentif andonly if oneinterpretstheparticle
positions/ in the rightmostfactor to be the positionsri(

3
t> ;x4 N

5
)
6

at? time t> on2 the trajectory initiated at x4 N
5

. If insteadone
interprets
X

the positionsto be thosespecifiedby rP N
5

,Z the vari-
able? of integration,and t> to

0
be an arbitrary parameter,then

for fixed M
[

and? G
@

the
0

rightmost Ç functionvanishesthrough-
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out2 configuration space for those t> for
s

which Í (
3
G
@

Î t> M[ )/
6

mNL lies outsidethe systemvolume and agreeswith
Eq.
Ï Ð

2
»�Ñ

for
s

valuesof t> for
s

which R
Ò

/
d
N
.NÓÕÔ

(
3
G
@Ö

t> M[ )/
6

mNL lies
n

in the systemvolume.We believethenEq. × 2Ø to
0

be prefer-
able.? We regrethaving previouslyoverlookedthe fact that
the
0

constancyof the total linear momentumunderperiodic
boundary
½

conditionsimplies the time invarianceof G
@

.
Secondly,
Ù

we wish to reconsiderthe relationthat we pre-
viously= gave Ú 2–4

» Û
between
½

themoleculardynamicsandthe
NVT
.

ensembleU equationsof state for hard-spheresystems
when1 the moleculardynamicsresultsare assumedto be re-
latedby a quasiergodictheoremto the ‘‘molecular dynamics
ensemble’’U averageÜ previously/ theNVEM

.
,Z now theNVEMR

.
ensembleU Ý . In Þ 2»�ß ,Z andlesssatisfactorilyin à 3��áãâ inX which we
startedY from the usualvirial theoremdp

z
V ä 2(

»
K
å¯ æ W̄)

6
, and

replacedK̄ with1 thekinetic energyin thecenter-of-massref-
erenceU frame by an ad hoc argumentç ,Z we derived è for

s
a

generalé valueof M
[

)
6

the usual‘‘virial’’ expression

dp
z

MDV ê 2 ë Ê ì W̄ í î 5ï�ð
for
s

themoleculardynamicspressurepc MD by
½

consideringthe
average? momentumtransferacrossa surfaceelementmoving
with1 the velocity of the centerof mass, ñ 0

ò ó M
[

/
d
Nm
.

. ô We
�

also? notedthat‘‘virial equation’’ is somethingof a misnomer
for Eq. õ 5ï�ö ,Z andshowedthata systematicconsiderationof the
checkerboard- virial function leadsto a rathernovel expres-
sionY for theequationof state.÷ Ê ø E ù M 2

�
/2
d

Nm
.

is thekinetic
energyU in the center-of-massreferenceframe,and

W̄ úÕû lim
tüþý ÿ

1

4t>
���� 1

c� (
�
tü )�	�

i j 
��� � p8 i j ����� . � 6���
The sumis over all collisions ��� 1,2, . . . ,c� (

3
t> )6 occurringin

the
0

time t> ,Z with � i j(
3��

)
6

being the line of centersvector
rP i j* (
3��

)
6 �

rP i(
3�!

)
6 "

rP j
# (3�$ )

6
betweenthe colliding particlesi

_
and? j

%
on2 collision & ,Z and with ' p8 i j(

3�(
)
6 )+*

p8 i(
3�,

)
6 -+.

p8 j
# (3�/ )

6
being

the
0

relative momentumchangeon that collision. Equations0
5
ï�1

and? 2 6��3 provide/ themeansby which thehard-spherepres-
sureY is obtainedin a typical MD calculation. 4 Itr canalsobe
obtained2 from thecalculatedcollision rate.5 In

r
reportingmo-

lecular dynamicsresultsfor a systemof hard disks, Alder
and? Wainwright 6 5ï�7 ,Z HooverandAlder 8 6��9 ,Z andwe : 4; chose-
to
0

report the dimensionlesscompressibilityfactor

pc MD
< V

NkT
.

MD = dp
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»
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~ ˆ @ 7A�B

taking
0

TMD C 2Ê/
d
dNk
z

. D 8E�FG
Note
H

thatanyotherchoicefor TMD would1 give a compress-
ibility factor that would not approachthe ideal gasvalueas
W̄ I 0.

ÂKJ
To
¿

relate(pc MD
< V/

d
NkT
.

MD
< ) t

6
o (pc NVT

5 V/
d
NkT
.

)
6

as estimated,
e.g.,U by anNVT

.
ensembleU MonteCarlo L MC

M N
calculation,- we

noted that the NVT
.

ensembleU compressibility factor for a
general,é differentiablepotentialenergyis
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X

the usualvirial function,with
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#on

i

p
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being
½

the force exertedon particle i
_

by
½

the otherN
.	r

1 par-
ticles.
0

We postulateda quasiergodictheoremequatingW̄
with1 s W(

3
rP N
5

)
6ut

NVE
5

M ,Z ignoringthefact thatW does
^

not appear
to
0

exist for hard spheres.We correct this by writing Fi as?
d
z

p8 i /
d
dt
z

and? specializingto hardspheresandperiodicbound-
ary? conditions, recognizingthat the time averageof W is
givené by W̄ of2 Eq. v 6��w . We postulate,then, a quasiergodic
theorem
0

equating W̄ with1 the hard-sphere limit ofx
W(
3
r N
5

)
6Vy

NVE
5

M for a soft interaction,say, the qz|{~} of2 the
(
3o�

/
d
r� )
6 q� pair/ potential.We showed,for a generalpotential,

that
0
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Asserting
�

that the hard-spherelimits of the ensembleaver-
ages? exist andreplacing� W(

3
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5

)
6V�
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5

M by
½

W̄,Z we obtainfor
hardspheres,aspreviously � 2� ,Z�
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5��u�

NVE
5

M

E
~ ˆ �

�
W � r N

5� u¡
NVT
5¢

N
.K£

1 ¤ dk
z

T/2
d¦¥ N

.
N
.K§

1
h
¨ª©

N
.

/
d
V,Z N.+«

,Z¬
13®

in
X

which

h
¨ª¯

N
.

/
d
V,Z N.+° ±^² N

.
V

³µ´
d
¶�·¹¸»º

2d
z g¼ª½¹¾ ,Z N. /

d
V,Z N.+¿

À^ÁÃÂ N.KÄ
1 ÅoÆ

2d
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is a functiononly of thenumberdensityN

.
/
d
V and? N

.
,Z with the

dependence
^

on the systemsize N
.

expectedU to vanishin the
thermodynamic
0

limit. gÑ (
3oÒ

,Z N. /
d
V,Z N. )

6
is the angle-averagedÓ

7
A�Ô

pair/ distribution function at contact and Õ d
Ö (3o× )

6Ø 2 Ù d
Ö

/2
ÚÜÛ

d
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1/
dàß

(
3
d
z

/2)
d

is thesurfaceareaof thed
z
-dimensional

hypersphereof radius á . Finally, we usedEqs. â 7A�ã ,Z|ä 9X�å ,Z andæ
13ç to

0
obtain è as? previouslyfoundby HooverandAlder é 6��êìë

the
0

relation
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pVc
NkT
. î 1
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pVc
NkT
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NVT
5 ò 15ó

between
½

the‘‘molecular dynamicsequationof state’’ andthe
NVT
.

ensembleU equationof statefor hardspheres.
We
�

showbelow for a generaldifferentiablepotentialthat

ô
W õ r N

5TöV÷
NVE
5

MR ø�ù W ú r N
5�ûuü

NVE
5

M ,Z ý 16þ
leading again to Eq. ÿ 15� when1 W̄ is equated to�
W(
3
r N
5

)
6��

NVE
5

MR for soft spheresin the hard-spherelimit.
Hoover and Alder � 6��� used� Eq. � 15	 to

0
comparethe Alder

and? Wainwright 
 5ï�� MD
M

resultswith our � 8E� old2 NVT
.

en-U
sembleY MonteCarloresults,bothfor a systemof N

.��
12 hard

disks.
^

It is advantageousto carry out sucha comparisonon
as? small� a? systemaspossible,sincetheensembledifferences
are? expectedto vanishin the largesystemlimit. The agree-
mentwasfound to be reasonablygood,consideringthe sta-
tistical
0

errorsin the two calculations,andcannow be taken
to
0

supportthe validity of a hard-sphere,quasiergodictheo-
remt equating the time-averagedvirial to the hard-sphere
limit of its NVEMR

.
ensembleU average.

Thirdly, we wish to mentionsomepeculiaritiesassociated
with1 the variousmicrocanonicalensembles,whenthe Boltz-
mann� relationbetweentheentropyandthepartition function
is usedto obtainotherthermodynamicfunctions,suchasthe
pressure/ and the temperature.For a general,differentiable
potential/ energywe have, following Pearsonet� al. � 9��� and?
omitting2 throughoutmultiplicative factors that dependonly
on2 N

.
,Z mL ,Z andthe dimensionalityd

z
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obtain Eq. ¤ 25
»m¥

from
s

Eq. ¦ 24
»m§

,Z transformfrom the rP N
5

¨ (
3
rP 1 ,Z ..., rP N

5 )
6

variables to new variables rPˆ N
5

© (
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r̂0
ò ,Z r̂1 ,Z ..., r̂N

5Yª
1)
6

with r̂0
ò¬« r0
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0

position of the center
of2 mass® and? rPˆi ¯ rP i ° rP 0

ò ,Z i
_²±

1, . . . ,N
.´³

1. This beinga linear
transformation,
0

the Jacobianis a constant.U(
3
rP N
5

)
6

depends
only2 on the r̂i ,Z i

_²µ
1, . . . ,N

.´¶
1. Consequently,the r̂0

ò inte-
grationé of · (

3
R
Ò�¸

N
.

rP 0
ò )6 collapsesto the factorN

.�¹ d
y
,Z which we

omit.2 Restorethe integration over rPˆ0
ò ,Z and compensateby

introducinga factorV º 1. Finally, transformbackto r N
5

,Z can-
celing- the previousJacobian,andrecognizethe resultingin-
tegral
0

asZNVE
5

M . »½¼ takes
0

on only the values0 and1, with¾
0
ò�¿ x·�À9Á A

{UÂ
x·YÃ ,Z Ä 26

»mÅ
Æ

1 Ç x·YÈ9É�Ê�Ë x·YÌ ,Z Í 27
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reflectingthe lack of consensussee,Y e.g.Pearson,et. al. Ï 9��Ð ,Z
and? referencestherein;Z

x
NVE
5 (

3
0) is their Ñ ,Z andZ

x
NVE
5 (1)

3
is

their
0 Ò

regardingthe proper definition of ZNVE
5 Ó and,? by

extension,U of our other microcanonicalpartition functionsÔ .
As usual, Õ½Ö 1/kT

(
,Z with k

(
being
½

the Boltzmannconstant.
A
{

(
3
x· )
6

is the stepfunction

A × x·�Ø9Ù 0 i
Â

f x·~Ú 0,
Â

1 if x·~Û 0.
Â Ü 28Ý

In
r

Eqs. Þ 21
»mß

and? à 23
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5Cä9å
E
~½æ
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M
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�
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mNL ñ U ò rP N
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30
�_õ

are? the kinetic energiesas functionsin configurationspace;
their
0

appearanceasargumentsin the unit stepfunctionsex-
presses/ the microcanonicalconstraintof fixed total energy.ö
In
r

writing Eqs. ÷ 20
»_ø

– ù 25
»_ú

,Z we have omitted for ûOü 1 the
thickness
0 ý

E of2 the energy shell to which the systemis
supposedY to be confined;it shouldproperly be includedon
dimensional
^

grounds,andwe thushaveignoredany depen-
dence
^

of it on theenergyandnumberdensityof thesystem.þ
In the NVT

.
ensemble,U the thermodynamicfunctions are

obtained2 from the Helmholtz free energy

ANVT
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q

the microcanonicalensembles,we have instead the
Boltzmann
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relation

S
�

NVE
5 ����� �"!$#&% k

(
ln
n

Z
x

NVE
5 '�'�' (")+* ,Z , 35

��-
and? from the combinedfirst andsecondlaw relation

dE
z/.

T
�

NVE
5 0�0�0 132$4 dS

z
NVE
5 5�5�5 6"7$8&9 pc NVE

5 :�:�: ;3<$= dV
z

,Z > 36
��?

we1 have

T
�

NVE
5 @�@�@ A"B$C&D E

S
�

NVE
5 F�F�F G"H$IJ

E
~

NV
5
K 1

,Z L 37
��M

pc NVE
5 N�N�N O3P$Q

TNVE
5 R�R�R S3T$UWV

X
S
�

NVE
5 Y�Y�Y Z"[+\]

V
NE
5 . ^ 38

��_

We
�

compute then the temperatureand compressibility
factor
s

for eachof theensemblesfor thegeneraldifferentiable
potential/ of Eq. ` 11a . For the canonicalensemble,the tem-
perature/ is a parameterand the compressibilityfactor, Eq.b
9
�dc

,Z follows from Eqs. e 31
��f

and? g 34
��h

. For themicrocanonical
ensembles,U we obtaintemperaturesgiven by

kT
(

NVE
5 i 0Âkjml 1

Nd
.

/2
don+prq r N

5tsvu
NVE
5 ,Z w 39

��x

kT
(

NVE
5 y 1 z&{ 1

Nd
.

/2
d}|

1

1~r� rP N
5��

NVE
5
� 1

,Z � 40
���

kT
(

NVE
5

M � 0Â��&� 1�
N
.o�

1 � d
z

/2
do�+�ˆ � r N

5t�v�
NVE
5

M ,Z � 41�

kT
(

NVE
5

M � 1 �&� 1�
N
.o�

1 � d
z

/2
d��

1

1�ˆ � rP N
5t�

NVE
5

M

� 1

,Z   42
��¡

TNVE
5

MR ¢"£$¤&¥ TNVE
5

M ¦3§$¨ ,Z © 43ª
in
X

which we follow our previousprocedure,aswell asthatof
Ray and Zhang,and that of Pearsonet. al.,Z in defining en-
sembleY averagesindependentof the valueof « used� in com-
puting/ the entropy,S

�
NVE
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We
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observe from the microcanonical temperatures,Eqs.M
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,Z that the Q�R 0
Â

equationsexpressthe equipartition
of2 energy.However, for SUT 1 equipartition is violated, at
least
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in the large-volume,ideal-gaslimit.
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We
�

note that the NVEMR
.

ensembleU compressibilityfactor
does
^

not approachideal-gasbehaviorfor eithervalueof Ä .
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For hard spheresand periodic boundaryconditions,the
configurational- integral in Eq. Å 19Æ becomes
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whether1 directly from Eqs. 2 35
�43

and? 5 37
��6

or2 the generalEqs.7
39
��8

– 9 43: .
For the microcanonicalcompressibilityfactors,the ;=< 1

Eqs. > 52
ï�?

and? @ 54
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cannot- beimmediatelyspecializedto hard
spheres.Y Instead,we computedirectly from Eqs. B 31
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in
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which the rightmost expressionsare independentof r .
Indeed,
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it is well known s see,Y e.g., t 3�vuxw that
0

V

N
.

y
ln
n

Z
x

NV
5z

V
N
5o{ 1 | h

}X~
N
.

/
d
V,Z N.%� ,Z � 66

�4�
with1 h

}
(
3
N
.

/
d
V,Z N. )

6
givenby Eq. � 14� . � From

q
Eqs. � 9�v� ,Zo� 53

ï��
,Z and�

64
���

,Z notethat we againobtainEq. � 13� .�
If
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we hypothesizethat pc MD
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Use
¬

of this in Eq.  67
��®

givesé Eq. ¯ 15° ,Z which, as already
mentioned,agreeswith the N

."±
12 hard-diskMC and MD

results. ² Equivalently,we can changethe definition of the
MD temperature to the equipartition value T̂MD³ T
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the other hand, if we hypothesize that pc MDÅ pc NVE
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which1 disagreesquitestronglywith theMC andMD results.
Thus thoseresultstend to supportthe Ó=Ô 0

ÂÖÕ
step-functionY ×

definition
^

of the NVEMR
.

entropyU and temperature.The ref-
erencesU in Pearsonet. al. Ø 9��Ù contain- a morethoroughdiscus-
sionY of the argumentsfor andagainsteachdefinition thanis
possible/ here.
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